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Abstract 
If H is a subgroup of a finite group G, by HG denote the normal closure of H in G. G is 
called a PE-group if every minimal subgroup X of G satisfies No(x) n XG =X. The author 
proves that all PE-groups are solvable with the Fitting height at most 3 and classifies the minimal 
non-PE-groups. @ 1998 Elsevier Science B.V. All rights reserved. 
AMS Classijication: 20D20; 20E34 
1. Introduction 
Let G be a finite group. A subgroup of G of prime order is called a minimal 
subgroup. It6 [5, IV, 5.5 Satz] showed that if, for an odd prime p, every subgroup 
of G of order p is contained in the center of G, then G is p-nilpotent. Buckley [2] 
investigated the structure of a PN-group (i.e., a finite group in which every minimal 
subgroup is normal) and proved that a PN-group of odd order is supersolvable. In 1980, 
Sastry [6] classified the minimal non-PN-groups. The minimal subgroups also have been 
studied by other many authors, for example, see [l, 3, 81. In this paper, we consider 
a generalization of PN-groups, which is called PE-groups. We obtain some general 
results on PE-groups and give the classification of minimal non-PE-groups. 
We first introduce the following 
Definition 1. Let G be a finite group and X a subgroup of G. By XG denote the 
normal closure of X in G. We call X an NE-subgroup of G if X = No(x) flXG. 
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It is easy to check that all normal subgroups and all self-normalizing subgroups (and 
in particular, all abnormal subgroups) of a finite group are NE-subgroups. Of course, 
an NE-subgroup need be neither normal nor self- normalizing. Such subgroups do exist. 
An example is a Sylow 3-subgroup of S4, the symmetric group of degree 4. 
Definition 2. A finite group G is called a PE-group if every minimal subgroup of G 
is an NE-subgroup. 
Our main results are the following theorems, which are similar to those of PN-groups. 
Theorem 1. Let G be a PE-group. Then the following statements are true: 
(a) There exists a subgroup K in G which is a PN-group satisfying G = KF(G), 
where F(G) denotes the Fitting subgroup of G; 
(b) G is solvable; 
(c) G’JF(G’) is nilpotent of odd order, here G’ is the derived subgroup of G. In 
particular, the Fitting height of any PE-group is bounded by 3. 
Theorem 2. If G is a finite non-PE-group, each of whose proper subgroup is a 
PE-group, then In(G)] 52 and one of the following statements is true: 
(a) G is a dihedral group of order 8. 
(b) G=(a,x:a Pn =xP = 1 and x-lax = alfp “-7, P an odd prime. 
(c) G = (a,b, x:aJ’“=bP=xP=lfor someprimep, [x,a]=band[a,b]=[b,x]=l) 
(i.e., G=M(x), whereM=(a,b)g.Zp. xZp, [a,x]=b and [x,b]=l). 
In the following (d)-(f), PESTS,, e~Syl,(G), p and q are distinct primes 
and p<q. 
(d) G = PQ is supersolvable, where P is cyclic and Q is elementary abelian of 
order q2. 
(e) G = PQ is a minimal non-nilpotent group with Pa G, P is elementary abelian 
and Q is cyclic or P is an ultraspecial a-group and ]Ql = q. 
(f) G = PQ is a minimal non-supersolvable group with Q a G, Q is an elementary 
abelian q-group of order >q, P is cyclic and P acts irreducibly on Q. 
Recall that a p-group P is called ultraspecial p-group if P’ = Q’(P) = Z(P) = A&(P). 
A minimal non-nilpotent group is a non-nilpotent group each of whose proper sub- 
groups is nilpotent. If G is such a group, then G = [P]Q with PE Syl,(G) and 
Q E Syl,(G), and P is either elementary abelian or an ultraspecial p-group with ex- 
ponent p if p is odd and exponent at most 4 if p =2 (see [S, III, 5.2 Satz and 13.5 
Satz]). In this paper we shall use freely this result. In particular, if, in addition, G is 
a minimal non-PE-group, then G must be type (e) in the theorem. 
All unexplained notation and terminology are standard. In addition, M<G denotes 
that M is a proper subgroup of G and by [H]K we denote a split extension of a normal 
subgroup H by a subgroup K. Furthermore, n(G) denotes the set of prime divisors 
of IGI. 
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2. General properties of PEgroups 
In this section we first prove some properties of an NE-subgroup and a PE-group 
used later and then give the proof of Theorem 1. In the following lemmas, G denotes 
a finite group. 
Lemma 1. Suppose that X<M<G. If X is an NE-subgroup of G, then X is an 
NE-subgroup of M as well. 
Proof. We have XINM(X)~X~<N~(X)I~X~=X. This forces X=NM(X)nXM. 
By definition, X is an NE-subgroup of M. El 
Lemma 2. Suppose that X is a subgroup of G of prime power order. Then X is an 
NE-subgroup of G tf and only tf there exists a subgroup H containing X in G such 
that X=NG(X)IIH and G=Na(X)H. 
Proof. If X is an NE-subgroup of G of prime power order, we have X = No(X) nXG, 
so X is a Sylow subgroup of XG. Thus, by the Frattini argument, G = No(X)XG as 
desired. 
Conversely, suppose that X=No(X)rlH and G=No(X)H for some XIH IG. 
Then XG=XNG(X)H=XH<H. It fOllOws that X<No(X)nXGLNo(X)nH=X, 
which yields X = No(X) nXG. By definition, X is an NE-subgroup of G. 0 
Lemma 3. Suppose that G = AB, here A 5 G and B< G. If X is an NE-subgroup of 
B and A normalizes X, then X is an NE-subgroup of G. 
proof. We have XG =XAB =XB and so No(X) nXG =NG(X) nXB =NB(X) flXB = 
X as desired. 0 
Lemma 4. If X is an NE-subgroup of G and X is subnormal in G, then X is normal 
in G. 
Proof. Write H = XG. We have X = No(X) n H = NH(X). This implies that X cannot 
be subnormal in H except the case when X = H. Thus the hypothesis forces X = XG 
as desired. 0 
Lemma 5. Let p be the smallest prime dividing the order of G. Suppose that a Sylow 
p-subgroup of G is abelian and every subgroup of G of order p is an NE-subgroup 
of G. Then G is p-nilpotent. 
Proof. Suppose that G is not p-nilpotent, so that G contains a minimal non-p-nilpotent 
subgroup D. By [5, IV, 5.4 Satz], D = [P]Q, where P E Syl,(D) and Q E Syl,(D), and 
P is elementary abelian. It follows by Lemma 4 that every subgroup of P is normal 
in D. Thus, as p c q, D is nilpotent. This is a contradiction and the lemma is proved. 
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On PE-groups we have 
Lemma 6. If G is a PE-group, then there exists a subgroup K which is a PN-group 
satisfying G = F(G)K, where F(G) denotes the Fitting subgroup of G. In particular, 
all PE-groups are solvable. 
Proof. We may assume that G is not a PN-group. So that there exists at least one 
minimal subgroup X in G such that No(X) < G. By hypothesis, X is an NE-subgroup 
of G so X=No(X)nX’ and X G is a Frobenius group with complement X. Let 
N be the kernel of XG. Then N is nilpotent and, of course, normal in G. Hence 
G = No(X)X’ = No(X)N = NG(X)F(G). Therefore F(G) has a supplement No(X) 
which is a proper subgroup of G. Let K be minimal among the supplements of F(G). 
By Lemma 1, K is also a PE-group. If some minimal subgroup Y of K is non- 
normal in K, then Y is also non-normal in G. Applying the above argument, we 
get that K=NK(Y)YK<N~(Y)YGIN~(Y)F(G) and so G=KF(G)=N&Y)F(G) and 
NK(Y) <K. This contradicts the choice of K. Hence K is certainly a PN-group. This 
proves the first part of the lemma. Now the solvability of G follows from [5, IV, 5.7 
Satz]. Thus the proof of the lemma is complete. 0 
Lemma 7. A PE-group G is supersolvable if and only if G is 2-nilpotent. 
Proof. For each P E Syl(G), No(P) is also a PE-group by Lemma 1. It follows by 
Lemma 4 that every minimal subgroup of P is normal in NG(P). Thus the result 
follows from a proposition of [S]. 0 
Lemma 8. Let G be a PE-group and X a minimal subgroup of G. Then the following 
statements are true: 
(a) If 1x1 = P, w h ere p is the smallest prime divisor of IG/, then X normalizes 
a p-complement of G. 
(b) If 1x1 = q, where q is the largest prime divisor of ICI, then X a G. 
Proof. If Xa G, the proof is trivial. So assume that No(X)<G. We have G = 
No(X)XG and No(X) nXG =X and XG is a Frobenius group with complement X. 
Let K be the kernel of XG. Of course, K aG and G=Nc(X)K. 
If IX]= p, then No(X) = Co(X). Let C be a p-complement of Co(X). Then CK is 
a p-complement of G and X normalizes CK. (a) is proved. 
If /XI= q, then, as every minimal subgroup of K is normal in G by Lemma 4, 
C#) contains all minimal subgroups of K. Hence XG =X[K] cannot be a Frobenius 
group with complement X, a contradiction. We thus conclude No(X) = G in this case. 
0 
The proof of Theorem 1. First of all, (a) and (b) of the theorem have been proved 
by Lemma 6. Hence we need only prove (c). If G is a PN-group, (c) follows from 
[5, IV, 5.7 Satz]. Assume that G is not a PN-group. So that there exists at least 
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one subgroup of G of prime order, say X, satisfying Nc(X)<G. Now X is an 
NE-subgroup of G, by definition, X=NG(X)~X~ and G=NG(X)X’. So XG>X 
is a Frobenius group with complement X. Let K > 1 be the kernel of XG and let 
U > 1 be a Sylow q-subgroup of K for some prime divisor q dividing the order 
of K and let 1x1 = p. As G is solvable, XU is contained in some Hall-subgroup 
H = PQ, here P E Syl,(G) and Q E Syl,( G). By Lemma 1, H is also a PE-group and 
N,(X) <H. Apply Lemma 8 to see that p <q and so every subgroup of H of or- 
der q is normal in H. Let C be a Sylow q-subgroup of NH(X). Then Q = CU is 
a Sylow q-subgroup of H, C n U = 1, X centralizes C and acts fixed-point-freely on 
U > 1. If C > 1, we take Cr 5 C and U, < U each of which has order q, then the 
subgroup Ct U, is of order q which is not normalized by X. This contradicts the 
fact that every subgroup of H of order q is normal in H, which shows C = 1 and 
hence U= Q. That is, G has a normal non-trivial Sylow q-subgroup Q for some 
prime q >2. Hence every subgroup of Q of order q is normal in G by Lemma 8 
so G’ 5 Cc(nr(Q)) and G/C’o(s2,(Q)) is abelian. Moreover C~(s2r (Q)) is q-nilpotent 
by Ito’s lemma [5, IV, 5.5 Satz] so CG(&(Q))= E x Q, where E is q’group. Let 
h4 be a q-complement of G, which contains E. We have M’ < G’, G =M[Q] and 
the subgroup M’Q = M’ x Q and M’Q/Q = (G/Q)’ = G’Q/Q. From this we see that 
G’ = M’ x N and so F(G’) = F(M’) x N for some N 5 Q. It follows that G’/F(G’) % 
M’/F(M’). Now an obvious induction shows that G’/F(G’) is nilpotent of odd order. 
This proves our theorem. 0 
3. Proof of Theorem 2 
Throughout this section, G denotes a finite group satisfying the hypothesis of 
Theorem 2. 
(1) G is solvable. 
Suppose that G is nonsolvable. By Lemma 6, every proper subgroup of G is solvable 
and so G/@(G) is a minimal simple group, here @(G) is the Frattini subgroup of G. 
Let C be the 2-complement of Q(G). Then C a G and C is nilpotent. We claim 
(1.1) C<Z(G). 
Indeed, let P E Syl,(C), where p is any prime dividing ICI, and let T E Syl,( G). 
Then P a G. By hypothesis, every proper subgroup of G is a PE-group, it follows that 
every subgroup of order p in P is normal in any maximal subgroup of G by Lemma 4 
and hence in G. By simplicity of G/@(G) then, every subgroup of P of order p lies in 
the center Z(G). Consider the subgroup K = TP. Apply Ito’s lemma [5, IV, 5.5 Satz], 
we see that K is p-nilpotent so K is nilpotent. We have then T 5 CG(P) a G. Using 
the simplicity of G/@(G) again, we conclude that P < Z( G). This proves (1.1). 
All minimal simple groups have been classified by Thompson [7]. These groups 
are 
(i) PSL(3,3); 
(ii) The Suzuki group S,(2f), where f is an odd prime; 
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(iii) PSL(2, p), where p is a prime with p > 3 and p2 $1(5); 
(iv) PSL(2,2f), where f is a prime; 
(v) PSL(2,3f ), where f is an odd prime. 
Using this result we can show 
(1.2) c= 1. 
Set G = G/To, here To E Syl,( Q(G)). Then by (1.1) G/Z(c) % G/@(G) and ?? is a 
quasisimple group with the center of odd order. Hence in order to prove C = 1, i.e., 
Z(G) = 1, it will suffice to show that the Schur multiplier of each of the minimal 
simple groups is a 2-group. Indeed, this is true by checking the table on the Schur 
multipliers of the known simple groups ([4, p. 3021). 
(1.3) Every subgroup of order 2”p (p an odd prime) of G = G/@(G) is 2-nilpotent. 
Assume that G has a subgroup H containing To = @(G) such that HITo is a non- 
2-nilpotent group of order 2”~. Then H contains a minimal non-2-nilpotent subgroup 
D with order 2”‘p for some m. By a theorem of It6 [5, IV, 5.4 Satz], D = [TIP is a 
minimal non-nilpotent group with a normal Sylow 2-subgroup T and ]P( = p. Since 
we are assuming that G is non-solvable, D is a proper subgroup of G so D is a 
PE-group by hypothesis. Apply Lemma 5 to see that T cannot be abelian and so 
T’ > 1. Thus P < T’P =ND(P) <D. But P is an NE-subgroup of D, we thus get that 
P=ND(P)~P~ =ND(P)~D=ND(P)>P, a contradiction. Thus (1.3) is proved. 
Finally, using (1.3) we prove that no simple group of the above five classes can 
isomorphic to c. We thus obtain a contradiction and the proof of the solvability of G 
is complete. 
Indeed, each of PSL(2, p), PSL(2,3f) and PSL(3,3) contains a subgroup which 
is isomorphic to A4, the alternating group of degree 4, by (1.3) we conclude that c 
cannot be any one of PSL(2, p), PSL(2,3f) and PSL(3,3). 
Suppose that ?? g PSL(2,2f) or &(2f). Then G is a Zassenhaus group of odd degree 
and the stabilizer of a point is a Frobenius group with kernel a 2-group. So G cannot 
be any one of PSL(2,2f) and &(2f) as well. Thus the proof of (1) is complete. 
(2) In(G)I< 2. 
Assume that x(G) = {pi, ~2,. . . , pr}, pl< p2 < . f . < pr and r > 3. Since we have 
proved that G is solvable, G possesses a Sylow system Pl,4,. . . , P, with P; E Syl,,(G), 
i= 1,2,..., r. And as G is not a PE-group by hypothesis, G has at least one minimal 
subgroup X0 such that X0 is not an NE-subgroup of G. By Lemma 8 we may assume 
X014 for some fixed kc{l,...,r- 1). 
(2.1) k= 1, i.e., X0 19. 
Suppose that k > 1. Consider the subgroups A = PI . . . Pk and B = Pk . . . P,. We have 
G =AB with Xc 5 B-KG. By hypothesis, X0 2 B is an NE-subgroup of B and, by 
Lemma 8, A normalizes X0. It follows by Lemma 3 that X0 is an NE-subgroup of G. 
This is a contradiction. 
(2.2) X0 = PI and G possesses a Sylow tower of supersolvable type. 
Obviously, for each i E (2,. . , r}PlP;. is a proper subgroup of G and so PIPi for 
each i 2 2 is a PE-group. Hence, by Lemma 8, X0 normalizes Pi, i = 2,. . . , r. If Xa < 4, 
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then B =X0 9 . . . Pr is a proper subgroup of G and G = PlB = &(Xo)B. Hence X0 is an 
NE-subgroup of G by Lemma 3, which is a contradiction. We conclude that X0 = PI and 
hence G is pi-nilpotent, i.e., the subgroup C = nL= 2 P;: is normal in G. Furthermore, 
C is supersolvable by Lemma 7. This shows that G possesses a Sylow tower. 
(2.3) pi t IN&&)l for each i E (2,. . .,Y - 1). 
If not, we may assume that some fixed I E (2,. . . , r - 1) satisfies 
P/llN~(&)l but PitW~(&)l, i=&...,l- 1. 
Let the set n={pl,p~,..., pr}. Then, as G is solvable, G contains a rc-Hall-subgroup 
H such that NG(Xo)nH >XO. On the other hand, X0 E H is an NE-subgroup of H, 
we have H =NH(Xo)XoH and X0 =NH(Xo) ITX~. But, NH(XO) >XO, we see that XoH <H. 
Moreover, by (2.2) we observe that the subgroup nb,+i P;: is normal in G. It follows 
that B = XoH &+ , fi is a proper subgroup of G and G = Aro( with X0 2 B < G. 
Thus, Lemma 3 implies that X0 is an NE-subgroup of G. This is a contradiction, which 
proves (2.3). 
(2.4) A contradiction. 
By (2.2) and (2.3) we have 
N&O) = cG(&) =&cp,(&)>& 
Then set K = PIP, = XoP, < G and C = Cp,(Xa) > 1. Now K is a PE-group by hypothe- 
sis, so X0 =iV&Xs) nXt. If NK(XO)<K, then XoK is a Frobenius group with comple- 
ment X0. Let U > 1 denote the kernel of XE. Then we have K =N&Xo)U=XoCU. 
Thus P, = CU, C rl U = 1, X0 centralizes C # 1, and X0 acts fixed-point-freely on 
U > 1. Since XoP, is a PE-group, any subgroup of P, of order pr is normal in XoP, by 
Lemma 8. If Ci 5 C and U, 5 U each has order pr, then Ct VI is elementary abelian 
of order p,‘, X0 centralizes Ci and acts non-trivially on Ui. Hence Ci and Ul are 
the only subgroups of Cl Ul of order p,. which are normalized by X0. However, this 
contradicts the fact that any subgroup of P, of P, of order pr is normal. The pre- 
ceeding proves that NK(XO) = K =XoP,. Now let H be a p,-complement of G which 
contains X0. Then we have G = P,H = NG(XO)H with Xc <H < G, and an application 
of Lemma 3 completes the proof of (2). 
(3) The case when G is a p-group, where p is a prime. 
In this case, every proper subgroup of G is a PN-group and G cannot be a PN-group. 
Such groups have been classified by Sastry [6]. The only possibilities on the structure 
of G are the statements (a), (b) and (c) in the theorem. 
(4) The case when ] GI = p’“qb, where a > 0, b > 0, p <q are distinct primes. 
We have 
G = PQ with P E Syl,(G) and Q E Syl,(G). 
(4.1) If G = PQ is supersolvable, then Q is an elementary abelian group of order 
q2, and P is cyclic (type (d) in the theorem). 
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Let V = Szt (Q). Now Q is a PE-group so V 5 Z(Q) and so by supersolvability and 
Maschke’s theorem, we have 
v = (v,) x (v2) x . . . X (v,) with each (Vi) 4 G. 
Notice that P acts as a group of diagonal matrices on V. An element a is said 
to act by scalars if there exists an integer m such that a-‘va = urn for all v in V. 
We claim that not every element of P acts by scalars on V. 
Assume that every element of P acts by scalars on V. Then every subgroup of 
V is normal in G. Hence, every subgroup of order q is normal in G (and so is an 
NE-subgroup). Let X <P, 1X1= p. Then X 5 Z(P) as P is a PE-subgroup. Write 
X = (x), and let m be an integer satisfying X-~VX = v”’ for all v E V. If m = 1, then 
x centralizes V = 01 (Q), and hence x centralizes Q as q is odd. Thus X a G, and 
X certainly is an NE-subgroup in this case. If m $1 (modq), then Cv(x) = 1. Hence 
Cc(x) contains no elements of order q, and so C,(x) = 1. It follows that XQ is a 
Frobenius group with complement X and kernel Q, and XQ a G by construction. From 
this it follows that No(X) = P and N&Y) nXQ=X, so that X is an NE-subgroup as 
well, 
The preceding shows that every subgroup of prime order in G is an NE-subgroup. 
By definition then, G is a PE-group. This contradiction proves the claim. 
By the claim, we can find x E P so that the action of x on V is not by scalars. 
In particular, n > 2 and we may choose notation so that x-l vlx = VT”’ and x-‘vzx = VT 
where ml $ m2 (mod q). Then (hlv2) is not a normal subgroup of (x)(nr ,02). Hence 
(x) (vi, ~2) is not a PE-group, so G = (x) ( v~,vz), P=(x) is cyclic and Q=(vt,v2) has 
order q2. Thus (4.1) is proved. 
(4.2) If G is non-supersolvable, then G is either type (e) or type (f) in the theorem. 
We consider the Fitting subgroup F(G) of G, i.e., 
F(G)=O,(G) x O,(G) with p<q. 
Suppose that G = Op( G)X for some X 5 G with 1X1= q. Let D be a minimal non- 
nilpotent subgroup of G. Without loss of generality, D can be chosen to contain X. 
Then D = [Po]X for a suitable PO 5 Op( G). By the structure of a minimal non-nilpotent 
group, D cannot be a PE-group and so G = D. Thus G is a minimal non-nilpotent 
group with Pa G and is non-supersolvable. It follows that we conclude that G is type 
(e) in the theorem in the case of G = O,(G)X. 
From now on we assume 
(4.2.1) O,(G)X<G for each X 5 G with 1x1 =q. 
As O,(G)X is a PE-group in this case, we have X a O,( G)X by Lemma 8 and so 
X centralizes O,(G). On the other hand, X centralizes O,(G) as well. We therefore 
obtain that X 5 Co (F( G)) 5 F(G), namely 
(4.2.2) X 5 O,(G) for each X 5 G with 1x1 = q. 
Since G is not a PE-group, we may assume that G contains a minimal subgroup X0 
such that Xc is not an NE-subgroup of G. 
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Consider the case when IX,1 = q. Put B = P&(0,(G)). Then X0 I B by (4.2.2) and 
G = PQ = BNG(XO). It follows by Lemma 3 that B = G. In particular, Q = 521 (O,(G)) 
is normal in G and Q is elementary abelian. Now, as X0 5 Q is not normal in G, so that 
there exists y E P such that Xi #X0. It follows by Lemma 8 that the subgroup (y)Q 
cannot be a PE-group so G = (y)Q. In particular, P is cyclic. Next, every maximal sub- 
group of G is a PE-group and p-nilpotent so supersolvable by Lemma 7. But we have 
assumed that G is not supersolvable, it follows that G is minimal non-supersolvable. 
Finally, we claim that P acts irreducible on Q. Indeed, some G-chief factor of Q has 
order >q and by complete reducibility (Maschke’s theorem) we may assume this is a 
minimal normal subgroup QO I Q. Lemma 8 thus implies that PQo is not a PE-group, 
so Qo = Q, which proves our claim. Now we can conclude that G is type (f) in the 
theorem. 
Next consider the case when [X0] = p. We may assume that every subgroup of G 
of order q is an NE-subgroup of G and is contained in O,(G) by (4.2.2). Applying 
Lemma 4, we have 
(4.2.3) Every subgroup of G of order q is normal. 
We now claim 
(4.2.4) IP[ > p. 
Suppose that IPI = p. So that Q a G. Let A4 be any X&invariant proper subgroup of 
Q and write H =&M. Then H is a PE-group by hypothesis so there exists U 5 M such 
that M = CM(&)U. As in (4.1), we can show that U = 1, that is, X0 acts trivially on M. 
Thus we know that X0 acts non-trivially on Q, but trivially on every &-invariant proper 
subgroup of Q. Applying Hall-Higman’s theorem [5, III, 13.51, we have exp(Q)=q 
and so Q is elementary abelian. It follows by (4.2.3) that every subgroup of Q is normal 
in G, which implies that X0 acts by scalars on Q. Therefore, we have C#O) = Q or 
1. But then, X0 would be an NE-subgroup of G, a contradiction. This proves (4.2.4) 
In order to determine the structure of G, we also need to prove the following. 
(4.2.5) Pa G. 
Suppose that P is non-normal in G. We shall make a contradiction. 
By Ito’s lemma, as G does not have a normal q-complement, there exists at least 
one minimal q-subgroup Y in G satisfying Co(Y)< G. But (4.2.3) implies c~(Y)a G 
so B=XoCc(Y) is a subgroup of G and G=PQ=NG(XO)B. Apply Lemma 3 to see 
that G = B =XOCG(Y). Now G has a normal series 
where G,=&(Y) and lG:Gl)=p. If lGi:G~)=a power of p, then B=&Gz is a 
proper subgroup of G with index a power of p and so G=N&&)B. This contradicts 
Lemma 3 because X0 is not an NE-subgroup. Hence we may assume 
(Gi : Gz] =a power of q. 
From this and IG:GII=p we see that ]G:G21p=]G:Gllp=p and P=&P, for 
some PI E SylJG2) and Ii =&G2 is a proper subgroup of G with index a power of q. 
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If N& ) = G, then Xc 5 Co(S ) a G, and G = No(Xs)(Co(q )Q). Apply Lemma 3 
to see that G = CG(Pi)Q, which implies that 9 is abelian. Hence, by Lemma 5, 
Gr = [pi]Q is nilpotent. This yields that Q a G and B =XiQ is a subgroup of G and 
G = NG(&)B. Thus Lemma 3 forces that G = B =2&Q, contradicting (4.2.4). 
Suppose that No(q) < G. In this case, both NC(q) and K =XoGz are PE-groups 
and by Lemma 8, X0 normalizes (Qt , Q2) for some QI E Syl,(No(Pr )) and some 
Q2 E Syl,(K). On the other hand, as Pt Q2 = G2 a G, by the Frattini argument we 
have G = N&t )Gz = &(pr )QI. So, if Q2 a G, then Ql Q2 E Syl,( G). We may assume 
Qr Q2 = Q and G contains the subgroup X0 Q, which yields a contradiction by Lemma 3. 
Finally consider the case when NG(Q~) < G. By above, XO 5 &(Q2) and obviously 
No(Q2) contains a Sylow q-subgroup of G. Hence G=No(&)No(Qr) and so X0 is an 
NE-subgroup of G by Lemma 3. This is a contradiction and (4.25) is proved. 
We now have Pa G. We claim that P is abelian. Indeed, X0 I l&(P) 5 Z(P) and 
G=N&&)(S1~(P)Q). By Lemma 3 we conclude that G=L$(P)Q and the claim is 
true. Let D = [Po]Qo be a minimal non-nilpotent subgroup of G where PO 5 P and 
Q. < Q and PO is abelian. By Lemma 5 we see that D cannot be a proper subgroup 
of G and hence D = G. It follows that G is the first case of type (e) in the theorem. 
The proof of the theorem now is complete. 0 
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